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A Model for Stock Price Fluctuations Based on
Information

Lawrence Shepp

Invited Paper

This paper is dedicated to the memory of my dear friend Aaron Wyner,
the well-known information theorist.

Abstract— present a new model for stock price fluctuations similarities in the mathematics used to study them. Certainly
based on a concept of “information.” In contrast, the usual probabilistical models play a prominent role in both theories.
Black—Scholes—Merton—Samuelson model is based on tegplicit In Shannon’s communication theory quantitative value is as-
assumption that information is uniformly held by everyone and . . . . .
plays no role in stock prices. The new model is based on the evi- s!gqed .to a channel (its rate or its capalety). Is there {:mythlng
dent nonuniformity of information in the market and the evident ~ Similar in the market? We are able to assign a quantitative value
time delay until new information becomes generally known. A to knowing an item of informatiomhich is unknown to others
second contribution of the paper is to present some problems say that a company is in a strong (or weak) position at a given
with explicit solutions which are of value in obtaining insights. point in time, via pricing of options on the company’s stock.

| compare several problems of mathematical interest in order to Thi is intended first step t dth | of Ki
better understand which optimal stopping problems have explicit IS PAper is intenaed as a lirst step towar € goal of making

solutions. the use of information into a quantitative tool.

Index Terms—Black—Scholes, Brownian motion, information
and arbitrage, Merton, stochastic control theory, stock price Il. MODELING STOCK PRICE FLUCTUATIONS IN THE
fluctuations. REAL WORLD

The priceX, of a stock at time is not well-defined since itis
l. INTRODUCTION only after a transaction has taken place that the price becomes
clear. Before this point, there are two prices: bid and ask. Actual

HE new model IS expecied to give more accurate predlff‘émsactions occur in discrete points in time and at prices which
tions of future prices and more accurate formulas for hed

. : . fe discrete multiples of a unit. It is nevertheless convenient to
option valuations. The new valuations have been calculated

. . L ) BdeIXt, t > 0 as a stochastic process continuous in both time
the various standard options inside the new model in a rec

) . ! _ %Wd space variables.
Ph.D. dissertation by Xin Guo. Because the concept of 'nforma'Bachelier’s [1] model takes the additive form

tion is the driving one in the new model it seemed appropriate

to discuss this in the present issue even though “information” is X, =z + pt + oW, t>0
used in a somewhat different sense here than in communication -
theory. in modern terminology whereis the price attime = 0, . rep-

In communication theory, information istendedo be com- resentdlrift, « volatility, and¥; is a standard Brownian motion
municated. One is concerned with designing a means for fhcess. Samuelson [3] used instead the exponential form
successful transfer of messages from a source to the receiver )
and the value of the information is in its successful transmis- X, = x@””’ﬂf(”—%)t
sion. In the stock market, the reverse is usually true; informa-
tion is hoarded and is of value to the owranly until it be- which has the advantage that remains nonnegative at all
comes known to others. Some messages are avidly commuimies. The two models appear more similar in their stochastic
cated in the market but are really meantdisinformthe re- differential equation form. The differential in the Bachelier
ceivers. This may of course also be true occasionally in comnmedel is then
nication theory which usually avoids concerning itself with the
meaningof the message to be transmitted. Despite these differ- dXy = pdt + o dWy, t20

ences in the role of information in the two situations, there are .
while the Samuelson model has

. t>0
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Ito’s calculus wherédW, )? = dt is used to obtain the differen- market are fair and there is no value to information because it

tial form. Samuelson’s model is now widely used to study stodias already been exploited. You may not know the facts but the

prices. Each model seems crude in that each depends on anérket knows them and so all bets are martingales.

the two parameterg ando but it is perhaps reasonable to as- Mathematicians seem to have largely agreed with the new

sume that this is about the level of knowledge possessed bgant of view of Samuelson [4], which was the brain-child of

typical investor and the price is really determined by the tyfRobert Merton [4, Appendix]. Mathematicians were pleased

ical investor, and so the model may not be so bad. Indeed, it gt martingales were elevated to center stage in Merton’s

stood the test of time. model and this may have caused them to forego the skepticism
The model is used to estimate the future price of the stock aidat mathematicians often bring to modeling discussions. The

in particular, to price options on a stock. An example of such axew Merton model was widely accepted and option pricing

option is the perpetual American option in which the buyer (wheas widely based on the Merton picture.

expects the price to rise) pays a certain amount of ménéyp How does one incorporate the role of information into a

be determined) and in turn receives the right to obtain at amodel of stock fluctuations in which fair prices might instead

time of his choice a share of the stock at an agreed gri¢¢is  be influenced by information disparity?

profit is then(X, — k). What isV, the “fair price” the broker

should ask for this option from the buyer? I1I. ANEW MODEL BASED ON INFORMATION

One way to determin¥ is to solve a certain optimal stopping We modify the Black—Scholes model (which is the model

problem, as Paul Samuelson [3] posed to Henry McKean, to f'%%low withoute(¢) so that ando are constants) to incorporate

Vi) = V(e r, p, o) = sup En(X, — k)Fe™"™ the existence of increased or nonuniform information at certain
o ST times by using a hidden Markov mode¥) for the fluctuations

L . ) of the priceX, of a stock in the form
consideringr to be (an estimated) rate at which the value of

money declines with time and the supremum taken ovetal- dX, = X, (Nf(t) dt + oo th)
ping times 7. At the time of stopping the buyesxerciseshis
option without, of course, knowing what the future valuesof wheree(t) is a new stochastic process which representsttite
(or W) will be. McKean’s elegant explicit solution to the deterof informationin the investor community. Thug(¢) = 0 at
mination of V(z) is repeated here to illustrate the methods dhose timeg at which everyone has the same information. But
the subject. We give it in Appendix | so as not to interrupt thihne process may take other values than zero. We assume that
main flow of the discussion. ¢ = ¢(¢) is a Markov process which moves among a few (two or
Itis reasonable to considét(x) above as the fair price of the three) statesy(¢) = 1 means that there is a group of people with
option because from the viewpoint of the intelligent buyer, thaside information at timéandg.; may be larger or smaller than
best he can do would be to choose an optimal time to exercise ijsdepending on the nature of inside information; therefore, this
option. Thusy (x) (plus a small profit) is what the buyer shouldstate may divide into two extra states where they believe the
be willing to pay for the service and also what the broker shoutdmpany will prosper or will decline. Human nature dictates
be willing to accept. It should be emphasized that the buyer atidito; > o because the inside group will cause more activity
the broker should and probably do have different values in miidthe stock. For each statethere is a&knowndrift parameter
for 1+ ando, especially if one or the other has, or thinks he hag; and a known volatility parameter; estimated via modeling
some “inside” knowledge or “information” about the compangonsiderations and on past observational data. If we assume that
issuing the stock. theo’s are distinct then it is no loss of generality to assume that
McKean [3, Appendix] solved the problem and determineg(¢) is actually observable, because the local quadratic variation
V(z), but not long afterwards, Samuelson rejected his ovaf X; in any small interval to the left of will give o) ex-
model for pricing options, replacing it by another method iactly and if the values of; are distinct, we may assume that
which the price is determined not by solving an optimal stop- and hence:(¢) is observable. One could argue for a special
ping problem but instead on the basis ofeplicitassumption state corresponding ttisinformation some inside groups may
thatinformationplays no role. The idea is that any nonunifornactually be misled and so one might want to include a state
distribution of information is quickly removed by the marketvhich would indicate that there is a group of investors who-
itself, and the price of a stock already incorporates all threeously believéhat the company’s fortunes are going to change
information because it is determined by the market. It is furthér the positive, and another state for the negative. Note;that
assumed that there is no arbitrage and this means that theaenot always be taken as the “riskless rate of interest” as in
must be a self-financing portfolio of stocks and bonds with ahe Black—Scholes theory because the new model does not to
equivalent performance to the option. In an efficient markeassume any such riskless rate. Instead, howgyet;, and the
it is argued that if it were possible to take a position in stocksansition rates to leave each information state have to be esti-
and bonds such that no matter what happened a profit wontdited on the basis of past data on the particular stock, or on
be made with no risk then this would have already happenedher considerations of modeling.
some “arbitrageur” would have already extracted the profit, The fair price of the American, Russian, and European op-
and therefore it is safe to assume that no such “free lunch” cimns has been obtained for this presumably more accurate
exist. This automatically makesthe “riskless rate of interest,” completemarket model, in [6]-[8]. The method used there is
and ensures that, is a martingale itself. Any bets made in theguite similar to that used by McKean described at the end of this
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paper except the details are much more complicated and the oirer points of the Russian option see [11]-[13]. The exponen-
timal 7 is not as simple as a threshold rule as in [3, Appendixjal or memoryless discounting eliminateand{(x, s)} is the

For the case of the Russian option, described below, the pricislgase space for this control problem. Inside the new model, the
for the complete market model was given in [11]. We hope thphase space must also include the staded is{(z, s, €)}. It

the new prices show greater accuracy in retrospective statistisah well-posed mathematical problem, and the solution for the
studies but this remains to be investigated. incompletemarket model has been found [6].

To further expand on the comparison of the role of informa- Earlier, Shiryaev and Shepp obtained the fair value of the
tion here and in communication theory, one might well assigRussian option based on the usual Black—Scholes model. The
the quantitative valueof knowing that, say¢ = 1 as the dif- value we obtained was simple.
ference in value between the calculated value of a hedge optio\ssumer > max(0, ) andlety=~1,7v=72, 11 <0<1 <72
with ¢ = 1 and the same option with= 0, given by Guo’s for- be the two roots of the quadratic equation
mulaV (z, 1) — V(z, 0). Another quantitative sense of quanti- 5
fying the value of information would be based on the difference 10272 +v <u _ U_> -

EViaew(, €) — Voa(z) in the values of an option calculated on 2 2

the simple Black—Scholes—Merton—Samuelson model and that o2 = \/(0'_2 _ u)2 4 252y

obtained in [6]. Either of these values assigned to information Yi,2 = 2 2

would be an intrinsic definition of information which might play

a role in finance (of course only crudely) similar to the rol@nd set

in communication theory played by Shannon’s concepts of in- R

formation and channel capacity. The retrospective study might < _ L) T
o =

o2

demonstrate the possibility of extracting profit from knowing
the new value.

An interesting alternative theory of option pricing based eXpep
clusively on entropy considerations has been given by Gulko .
= A (e (%)

Let us look, in particular, at one such hedge option to see hde, s) =9 =
the V's are calculated.
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is the answer to the above problem, i¥(x, s) = V(z, s).
The basic idea in the proof in [11] is the same as McKean’s
The Russian option is an American-type option. It is a coproof in Appendix | and is based on martingales. Namely, one
tract that allows the owner to choose an exercise date, repshews that
sented by the stopping timeand then pays the owner either .
or the maximum stock price achieved up to the exercise date, Y; = e "V (Xy, St)
whichever is larger, discounted ley "t wherer is chosen by ) ]
the agreement between the buyer and the broker. In other wofg& Supermartingale, and &’ < EY, for everyr. One first
the Russian option allows you teduce your regreif you miss Shows thad’(z, s) > s for everyz, s and then this gives that
the peak point of the stock price in the sense that it allows ydu'S @n upper bound ol since for everyr we have
to choose the highegiastprice of the path, with a reasonable o )
discount bye—"t. To our knowledge, this very reasonable hedge Eo pe 7 Sr = EY: < EYo = V(z, 5).
option has never actually been offered by any firm. There is bothThe difficulty is only in guessing the right function to use for
a long-term buy [11] and a short sell [12] version, priced undgr. |n the same way, [6] invents the appropriateso that the

IV. THE RussIAN OPTION

the old model. same argument works for
The owner of the option will naturally seek an exercise .
strategy that will maximize the expected value of this future Y, = V(X S, €(t))

reward. Mathematically, it is the following question, Let o . . .
X = {X,,t > 0} be the price process for a stock, withand proves that it is a supermartingale (by proving Maits
Xo=z> (’) Given a constant > z. let expectation decreasingdY;|F;] < 0), which gives the bound

vV <V.
i Guo proves that} is uniformly integrable, and then the usual
¢ max {3’ o ‘X’”} proof shows that the bourld is achievable. Note that martin-
T gales are still involved and probabilists need not fear obsoles-
then what is cencel!
But how does one gueds? The method used is identical
V(z, s, r, p,o) =sup Eze™ 75,7 to the method used to solve linear programming problems and
" cannot be codifiedut relies on intuition and insight into the
Note that it is necessary to consider the more general cdsem of the solution. One can merely give some general clues on
wherexz < s even though we really start with = s because how to guess. One clue to aid in guessing involves the so-called
after an instant, we will hav&’, < S,. For details on this and “principle of smooth fit.” That optimal stochastic control and
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linear programming are closely related is not generally appretiage, relying on axiomatics can lead to results that do not seem

ated, but see [14]. One seeksto satisfy the ordinary differen- real if the axioms do not apply so well.

tial equation (ODE) in the continuation region and the stopping Consider the well-known multiperson game where arich man

reward in the stop region gives a million dollars to three “friends” if they can agree by

majority rule on how to divide it. This game is very unstable and

although one can devise axioms which suggests that the value to

while V(z, s) = sfor z < f(s). We needV,(z, s) = 0 along each of the three friends ought to beit seems that the decision

= = sto makeY; into a supermartingale so we impose this, anie will strongly depend on the psychological stability of the

finally, we imposejust enougrsmoothness along = f(s) to three friends who may well turn out to be enemies.

uniquely determind’. As shown in [11], this makeg a linear ~ The moral of both stories is that axiomatic pricing is only

function. as good as the reality of the underlying axioms, both for Nash
Later itwas argued in [13] that there is an easier method of $p€0rY in the above case and for pricing options by assuming the

lution based on the fact thak- is an embedded Markov procesgnarket is free of arbitrage.

(which is true by Levy’s theorem). | now believe that this argu-

ment worksonly because the answéf, happens to involve. APPENDIX |

| try to clarify this point in Appendix Il, where some new vari- MCKEAN'S SOLUTION TO SAMUELSON'S PROBLEM

ants of the Russian option are treated by giving examples wher&amuelson asked McKean to find

one can solve the problem but the embedded Markov process -

2= plays no role. On the other hand, [6] makes good usg-of V(z)=V(z;r, p,o)= Sup E(X; —k)Te

which is again a Markov process even with the hidden Markov o

process(¢) in place, in order to simplify her proof of optimality vyhere)xt is the Black-Scholes-Merton-Samuelson exponen-

and also to do numerical calculations as a check. A broad cl '& model. McKean guessed the answer and used martingale

of problems similar to those in the Appendix have been treat ory to prove it. It is clear that one would never exercise when
in [9] X; < k and so one guesses that there is same & such that

the optimal- = 7, the first time the stock price gets to the level
a. If this is so then the value denoted b(x) while we are
just guessing must satistj(z) = x — k for z > a. Also for
There may be a way out for the nonarbitrage school as was< 4 we ought to play for some small tim# = % and then
kindly pointed out by Darrell Duffie in personal communicathe average reward would ﬁ;é(x) = chrhf/(x + dz). Since

tion. Duffie proposed that a tool, called a “ticket,” could ogj, — x(pdt + o dw), we see that” ought to satisfy
would be devised tcompletethe market. Suppose that at each

Y 1 9 2 2

timet there is a market for a security that pays a dollar at the next V() =V'(@)zp+ V' (z)20”, r<a
time 7(¢) = inf{u > t: e(u) ;é (t)} that the Markov chaim Viz) =2 -k,
changes state. Thereafter, this contract becomes worthless (has _
no future dividends), and a new contract is issued that pays at Bt this is really a guess at tfierm of the optimal strategy. We
next change of state. It is easy to see the market is complete v€ that

thls new ticket, Wh_lch actually functions to ellmlnat_e’the pos- V(z) = Az + Br-,
sible difference of information. Whether or not Duffie’s clever

idea resurrects the nonarbitrage assumption depends on whetttearey, , v_ are the two roots of the indicial equation

rV(z, s) = paVu(z, s) + %UQQ:QVW, fls)<a<s

V. A REMARK ON COMPLETING THE MARKET

T > a

O0<z<a

one can find someone to market such aticket. This seems some- o2
what doubtful to me, although the final verdict remains to be O=—r4+vp+ 77(7 - 1.
obtained.

Itis easy to see that we may take > 0 > v_. The negative
root~_ is discarded because we ndégl:) bounded near = 0,
and soB = 0.

The smooth fit principle now completes the guessing proce-
Von Neumann theory is useful for assigning a value to a tWeyre and determines both anda. We need?” to be inC; at

person zero sum game and to pricing stock options via stochastic. ; and this gives the two equations feand A
optimal control theory as indicated above. Merton’s method as-

signs a value to an option but it is based on a dubious model of Ad* =a-k  AyparTV =1
reality. An analogy can be drawn to the problem of assigning'a@S long asr < 4 there is a solution
value to a game which is not two-person zero sum based on an

VI. A REMARK ON NASH THEORY OF VALUATION OF
MULTIPERSONGAMES

axiomatic approach called equilibrium theory. = k -
How does one assign a value to a nonzero sum or multiperson 1- 7
game? There s no linear programming method, and some games -
it iomatic a#th @ > &, and thend = 272
are very difficult to understand. In such cases, an axiomatic agith @ : E—

A

proach has been suggested by John Nash, and the value assigniidw the proof is easy that(x) = V(). Simply verify that
is the Nash equilibrium, if such exists. As with the value ashe procesd; = V(X;)e " is a supermartingale, that i¥;
signed to options by the axioms of completeness and nonaiikiexpectation decreasing. The supermartingale inequality now
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states that for any stopping time £Y,. < EY;. Sinceitiseasy  Problem 4: Find
to check that’(z) > = — k for any0 < z < oo it follows that o
for any 7 ) Vi(w, m) = sup Ey mMe

E.(X.—k)te < BY, < EYy = V(z). whereW and M are as in Problem 2. This is a problem of
) “‘intermediate” difficulty as discussed below and one seeks a
This says tha¥'(z) < V(=) for all z. If we use the optimal solution of the form:r is the first¢ for which W, < f(M;)
rule then equality holds throughout by the fact thiais a uni- wheref is a function to be determined. The same technique we
formly integrable local martingale and so alg¢z) < EY. = used above says that in the regipm < f(m)} we must have
V(). QE.D. V(w, m)=m since we stop there, and in the regipf(m) <

Remark: It seems clear that the finite horizen < 7°) ver- % < ™} We must have; Vi, = V. This means that we guess

sion of Samuelson’s problem is not solvable in closed form. It {8€ form

the memorylessness of the exponential discounting that makes f/(w7 m) =m cosh(w — f(m)), fim)<w<m
it solvable. .
V(w, m) =m, w < f(m).
APPENDIX I The smooth fit principle says that we ne®dto be smooth
A COMPARISON OF PROBLEMS RELATED TO THE alongw = f(m), where the degree of smoothness s just enough
RUSSIAN OPTION to makel” determined. It is also necessary to impose the condi-
tion

Problem 1: Find forw = W(0),¢ > 0

W, Vin(w, m)=0  alongw =m
V(w, t) = sup By, - | e |
g T as in the Russian option to makga martingale along = m.
where the supremum is taken over the set of all stopping timed his guesswork all easily leads to the ODE for
andW, is the ordinary Brownian motion process. The solution amf'(m) tanh(m — f(m)a) = 1
is given in [10] and takes the formis the first timet thatW, > B
a+/t (which may ber = 0). Herea = 0.83992. . . is seen from wherea = v/2r. The transformatiorf(m) = @ reduces the

the smooth fit principle to be the root of problem to the case = 1, but the solution still appears difficult.
oo i The boundary condition is that — f(m) — 0 asm — cc.
a=(1- oﬂ)/ T _ The problem becomes nicer in terms of the funclitim) =
0 V(m, m). This satisfied”(m) = mcosh(m — f(m)), where,

since we have = 1, f satisfies the ODE

M mf(m)tanh(m — f(m)) = 1.
V(w, m, t) =sup E — -
T A Now a simple verification shows thaf(m) = m cosh(m —

whereW, is the ordinary Brownian motion as in Problem 1, an@it(m)) satisfies the simpler ODE

M; = max(s, sup W,). f/’(m) =Yy V2(m) —m?

0<u<t

Problem 2: Find forw < m, ¢t > 0

As in the finite horizon case discussed in the Remark in Aa_nd the boundary conditioti(m) —m — 0 asm — 0. ()

pendix |, Problem 2 is surely impossible to solve in terms of & very simple ODE, but apparently not simple enough to be

elementary functions becau$edepends on three z;\rametergm\/(Ed or known.
y b P The problem is rather more difficult than that of [11] even

and the optimal stopping rule is of the form: stop the first timﬁ1 ; .
N . . oughM, — W, is a Markov process which does not seem to
t thatW, > f(M,, t) but f is given by the solution of a partial helpgheret. Thetsame observ:tion wigimedin [13] to give a

differential equation (p.d.e.). simpler solution to that of [11] for the Russian option. | want to
Problem 3: Find argue here that this trick was successful in [@8lly because the

answer had a simple form. | think Problem 4 demonstrates this

point since the same trick works here but does not help at all.

. . . . Note further that for the problem of the additive Bachelier-type
whereX is as in Problem 1. The exponential discounting makes ,scian option the problem is simple again.

the problem “memoryless¢’ can be ignored, and the problem _

is easy. The optimat is the first¢ such thatX, exceeds a  Problem 5: Find
. . ) . . 1 ) o . )

thrgsholda. SmccaT the optimal” satisfies; V"' (w) = rV(w) V(w, m) = sup Ex, m(M, — r7)

or V(w) = w, this prompts the guess thil(w) = Ae rw -

for someA and forw < a andV(w) = w, w > a, whereA  whereW andM are as in Problem 4. The optimalis the first

anda are to be found by the smooth fit principle. It is easy t@for which W, < M, — 6, as shown in [11]. Now the embedded

verify that the same argument as in Appendix I, works if we tak@arkov process technique works but it is only because the an-

a = ﬁ andA = ae” V7", swer has the right form, that i®,(w, m) is a function ofn —w.

Viw) =sup E,W, e ™™
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But we see in Problem 4 that if one uses exponential discountiagd
instead of additive discounting then the fact tiddt — W, is .
Markovian no longer helps becaubedoes not depend on the f(m)=m — cosh™* Vim) )
difference ofm andw. P(m)

A free-boundary problem of similar type was completely
solved in [2] but the present ODE,'(m) = /V?2(m) — m?, Now we set
as simple as it looks, seems to be more difficult than the ODE V(w, m) = ¢(m) cosh(w — f(m))
in [2], and does not seem to be explicitly expressible in terms
of standard functions It appears that the series approximatiod™d then

atm = o V' (w, m) = p(m) sinh(w — f(m)).
V(m) =m+ 1 + a3 + e + s It is easy to see, paralleling the proof in Appendix I, that the
2m  m3 4
process
is only asymptotic and not a power series and is apparently di- e
vergent. Y, =e V(WL My)

Finally, the more general class of similar problems replacin . o
. ; . >
in Problem 4M, by ¢(M,) has special cases whiaan be ﬁ;}‘l iuqezmgﬂt(;r\;\?safa;?dt;;?aé(w’ m) 2 ¢(m) because
solved explicitly in closed foritthis is why | used the term “in- = y
termediate” difficulty in the above discussion). V{w, m) < f/(w, m), for all w, m.

Problem 6: Find To prove that the last inequality is an equality we need the

boundary condition oY or equivalently of
V(w, m) =sup By m@d(M;)e™" y q y off

V(im) —m —0, asm — oo
whereW andA{ are as in Problem 4, anflis a function to be m— f(m) —0, asm — oo.
specified later. The solution for an arbitrapyis guessed by the ] ] . ]
same method as that of Problem 4 as the solution to More precisely, what is needed is that the equality
V(w, m) = V(w, m) holds and to prove this it is suffi-
LW =7V in {f(m) < w < m} cient thatY; stopped at = 7 wherer is the first for which

A Wy < f(M,) is a uniformly integrable martingale. Then
andV(w, m) = ¢(m) in {w < f(m)} since we stop there.  equality holds in the chain
The smooth-fit principle says that we ne&dto be smooth o N
alongw = f(m), and we again neetf (w, m) = 0 along EY; = By me™""¢(M) = EYo = V(w, m)
w = m. This again gives the ODE fof and soV (w, m) > f/(w7 m). Thus,V = v

ap(m) f'(m)tanh(m — f(m)a) = ¢'(m) ijmsuptSTc_”f/(Wt, M) < .

wherea = +/2r. The transformatiory(m) = 2% again  Since
reduces the problem to the case- 1. The boundary condition N
is again thain — f(m) — 0 asm — oc. V(w, m) < ¢(m) cosh(m — f(m))

_ The problem again becomes nicer in terms of the functigfycayseosh increases inv > 0, we need enough conditions
V(m) = V(m, m). This satisfies on ¢(m), f(m), V(m) to ensure this.

- . _ An example where this all can be carried out and all the vari-
Vi(m) = ¢(m) cosh(m — f(m)) ables found explicitly is

and, since we have = 1, V' satisfies the simple ODE L
V(m) =y/m?+m+ 3, m>0
V'(m) = [ V2(m) — ¢(m)?2 ) fm)=m—log(1+1), m>0
and the boundary conditiofi(m) — m — 0 asm — . m) = m(m + 1) m>0
Equation (1) is a very simple ODE, but is made still simpler if m(m +1) + & ’ -
we regard” as given and this as afgebraic equatioror ¢(m). 2
Of course, we need to specifylawith all the nice conditionsto  V(w, m) = ¢(m) cosh(w — f(m)), fm) <z <s.

make the martingale argument work, but this is not hard to do.
Indeed, we see that onégm) is specified, then andV(w, m) = ¢(m) forw < f(m). Note f(m) — —oc as
m — 0. Note thatp(m) is like m in that it vanishes at: = 0
S © 2 and is asymptotic ten asm — oo.
¢(m) = \/V (m) = V'(m) If we defineV (w, m) = V(w, m) given by the explicit for-
LJoop Kemperman and Ben Logan have independently shown that it is tiislla above, these definitions ensure that the process

that there is a unique solution to the latter ODE with the required asymptotics. e
A proof can be obtained by e-mailing JKemperman@aol.com Y, =e V(W M), t>0
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is a supermartingale and thigt ¢+ < 7 is a uniformly integrable  [3]
martingale ifr is the hitting time when first, = f(4;). Thus,
V (w, m) is the solution to Problem 6 for this particular choice y
of ,ie.,V =V. 5]
No imbedded Markov process was used or needed to prov?e]
this result. Itis not true that the procegs= W, —f(M,), t > 0
is an embedded Markov process. | think this example showg7]
clearly that the fact that the embedded Markov proc%:s
helped in solving the problem for the Russian option in both (8]
the new or the old model for the exponential Brownian motion [9]
has more to do with coincidence than a general rule. It is nic

but not really necessary to solve the Russian option valuatio 10l
problem in the way given in [13]. [11]
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