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iterated, the number of operations could be reduced from N to
MogN. Garwin not only had the insight to see the importance
of this idea but also had the drive to pursue its development and
publication.
Dick told me that he had an important problem of determining
the periodicities of the spin orientations in a 3-D crystal of HeJ.
I found out later that he was also trying to find ways of improving
the ability to do remote seismic monitoring in order to facilitate
agreement with Russia on a nuclear test ban and to improve our
capability for long range acoustic detection of submarines. Like
many others, I did not see the significance in this improvement
and put the job on a back burner while I continued with some
research I considered more important. However, I was told of
Dick Garwin’s reputation and, prodded by his occasional telephone calls (some of them to my manager), I produced a
3-dimensional FFT program. I put some effort into designing the
algorithm so as to save storage and addressing by over-writing
data and I spent some time working out a 3-dimensional indexing
scheme that was combined with the indexing within the algoI-ithm.

Introduction
The purpose of this meeting has been said to be “to bring together pioneers whose vision and research have made major
contributions to specific areas of the computing field.” As to my
own involvement with John Tukey and the fast Fourier transform (FFT) algorithm, I am sorry to have to admit that I had no
vision and did little research leading to the paper [ 11 which apparently was the reason for my invitation to this meeting. As for
vision, I seem to have done better by paying attention to the vision of people around me.
The FFT has had a fascinating history, filled with ironies and
enigmas. Even more appropriate for this meeting and its sponsoring professional society, it speaks not only of numerical analysis but also of the importance of the functions performed by
professional societies.

The Role of Ricburd Garwin
My involvement with the FFT algorithm, or algorithms as we
should probably say, started when Dick Garwin* came to the
computing center of the new IBM Watson Research Center some
time in 1963 with a few lines of notes he made while with John
Tukey at a meeting of President Kennedy’s Scientific Advisory
Committee. where they were both members. John Tukey
showed that if N, the number of terms in a Fourier series is a
composite, N = ab, then the series can be expressed as an u-term
series of subseries of b terms each, If one were computing all
values of the series, this would reduce the number of operations
Tukey also said that if this were
from Nz to N(a + b).

The Decision to Publish
Garwin publicized the program at first by personal contacts,
producing a small but increasing stream of requests for copies.
I did a write-up and a version for a program library, but did not
plan publishing right away. I gave a talk on the algorithm in one
of a series of seminars in our mathematics department. Ken
lverson and Adin Falkoff, the developers of APL, participated
and Howard Smith, a member of the APL group, put the algorithm in APL when it was only a language for defining processes
and before it was implemented on any machine. This gave the
algorithm a thorough working over at the seminar.
Another participant was Frank Thomas, A mathematicallyinclined patent attorney, who kept good contacts in the mathematics department.
He suggested that there were patent
possibilities and a meeting was called to decide what to do with
it. It was decided that the algorithm should be put in the public
domain and that this should be done by having Sam Winograd
and Ray Miller design a device that could carry out the computation. My part of the strategy was to to publish a paper with a
footnote mentioning Miller and Winograd and their device. I
sent my draft copy to John Tukey, asking him to be co-author.
He made some changes and emendations, and added a few references to F. Yates, G. E. P. Box, and I. J. Good. Next came the
task of getting it published as quickly as possible. I offered it to
Mathematics of Computarion by sending it to Eugene Isaccson at
the Courant Institute of Mathematical Sciences, where I had
worked before coming to IBM. I do not know how important

*At that time, a staff member of the Watson Scientific Laboratory at Columbia University. Presently at IBM Watson Research
Center. Yorktown Hts.. N.Y.

Permissionto copy without fee all or part of this material is granted provided
that the copies are not made or distributed for direct commercial advantage, the
ACM copyright notice and the title of the publication and its date appear, and
notice is given that copying is by permission of the Associationfor Computing
Machinery. To copy otherwise, or to republish, requires a fee and/or specific
permission.
0 1987 ACM 089791-229-2/87/005/0097

759

97

responded by showing a paper he published in 1963 [7]. His
paper describes a large Fourier series calculation he did in 1948
on IBM punched card machines: a tabulator and a multiplying
punch. He said that he simply went to the library and looked up
a method. He found a book by Karl Stumpff [8] that was a
cook-book of methods for Fourier transforms of various sizes.
Most of these used the symmetries and trigonometric function
identities to reduce computations by a constant factor. In a very
few places Stumpff showed how to obtain larger transforms from
smaller ones, and then left it to the reader to generalize. Thomas
made a generalization that used mutually prime factors and got
a very efficient algorithm for his calculation.

my acquaintance with Eugene was or what effect it had on getting the paper published quickly. In any case, it appeared 8
months after submission in the April, 1965 issue.
I found out later about an excellent paper by Gordon Sande, a
very bright statistics student of Tukey’s, who was exposed to the
factorization idea in one of Tukey’s courses. He carried the
subject further, showing how it could be used to reduce computation in covariance calculations. After hearing about our paper
going out to Mathematics of Computation, he did not publish his
in its original form. However, he published several other excellent papers [Z] one of which showed that the new algorithm was
not only faster but more accurate. His form of the FFT is now
known as the Sande-Tukey algorithm.

The algorithms of Good and Thomas mentioned above have
some very favorable properties, but the constraint that the factors are mutually prime does not give a number of operations
proportional to or as low as N IogN. Tukey’s form of the algorithm, with repeated factors, has the great advantage that a
computer program need only contain instructions for the algorithm for the common factor. Indexed loops repeat this basic
calculation and permit one to iterate up to an arbitrarily high N,
limited only by time and storage.

Another result of Dick Garwin’s efforts was a seminar run at the
LBM Watson Research Center to publicize the algorithm and familiarize IBMers with it. For this, two very capable statisticians,
Peter D. Welch and Peter A. W. Lewis, joined me in writing a
thick research report describing the algorithm and developing
some theory and applications. The three of us then published a
series of papers on applications of the FFT. These papers elaborated on the theory of the discrete Fourier transfrom and
showed how standard numerical methods should be revised as a
result of the economy in the use of the FFT. These included
methods for digital filtering and spectral analysis [3].

The credit for what 1 would consider the first FFT- a computer
program implementing this iterative procedure and really giving
the N IogN timing, should go to Philip Rudnick of the Scripps
Institution of Oceanography in San Diego, California. He wrote
to me right after the publication of the 1965 paper to say that
he had programmed the radix 2 algorithm using a method published by Danielson and Lanczos in 1942 in the Journal of the
Frankin Insitute, [9] a journal of great repute which publishes
articles in all areas of science, but which did not enjoy a wide
circulation among numerical analysts. Rudnick published some
improvements in the algorithm [IO] in 1966. I had the pleasure
of meeting him and asked why he did not publish sooner. He said
that his field was not numerical analysis and that he was only
interested in getting a computer program to do his data analysis.
Thus, we see another failure in communication and lost opportunities, the primary point of Dick Garwin’s 1969 Arden House
keynote address [ 111.

The IEEE ASSP Digital Signal Processing cornmittee
The next level of activity came with contact with the speech and
signal processing people at MIT- notably Thomas Stockham,
Charles Rader, Alan Oppenheim, Charles Rabiner- all of whom
have gone on to become highly renowned people in digital signal
processing. They had developed digital methods for processing
speech, music, and images. The very great obstacle to making
their methods feasible was the amount of computing required.
This was the first really impressive evidence to me of the importance of the FFT. I was invited to join them and others on the
Digital Signal Processing Committee of the IEEE Acoustics
Speech and Signal Processing Society.

Before continuing further with the discussion of the old literature
on the FFT, I would like to point out two important concepts in
numerical algorithms which had been stated long ago but did not
have very much impact until they were demonstrated by the implementation of the FFT on electronic computers. The first is
the divide-and-conquer approach. If a large N-size problem requires effort that increases like W, then it pays to break the
problem into smaller pieces of the same structure. The second
important concept is the asymptotic behavior of the number of
operations. Obviously this was not significant for small N and,
by habit of thought, people failed to see the importance of early
forms of the FFT algorithms even where they would have been
very useful.

This committee ran the now famous Arden House Workshops
on the FFT in 1967 [4] and in 1969 [5]. These were unique in
several respects. One was that they collected people from many
different disciplines: there were heart surgeons, statisticians,
geologists, university professors, oceanographers, just to name a
few. The common interest was in the use of the FFT algorithms
and every one of the approximately 100 attending had something
useful to say in his presentation. Another thing that was unique
was that work was really done. People got together to formulate
and work out solutions to problems. An example was where
Norman Brenner, then of MIT, designed a program that computed the FFT of a sequence of interferometer data of 512,000
elements, which was larger than available high-speed storage,
He did this for Mme. Connes, of the University of Paris, who
returned home to perform a monumental calculation of the
infra-red spectra of the planets which has become a standard
reference book [6]. Others worked out algorithms for data with
special symmetries.

I can illustrate this point by going back to the Danielson and
Lanczos paper [9] They describe the numerical problem of
computing Fourier coefficients from a set of equally-spaced
samples of a continuous function. It is not only a long laborious
calculation, but one is also faced with the problem of verifying
accuracy. Errors can arise from mistakes in computing or from
undersampling the data. Lanczos pointed out that although his
use of the symmetries of the trigonometric functions, as described by Runge, reduced computation by a significant factor,
one still had an NL algorithm. In a previous reading of this paper,
I obtained and published [ 121 the mistaken notion that Lanczos
got the doubling idea from Runge. In fact, he only attributes the
use of symmetries to Runge, citing papers published in I903 and

Recent Early History of the FFT
Meanwhile, back at the research center, I started learning the
history of the FFT. Dick Garwin questioned his colleague, Profcssor L. H. Thomas of the Watson Scientific Laboratory of
Columbia University, who had an office next to his. Thomas
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l could not find. The Stumpff paper (81 gave a refRtmgc and Konig [ 131. which does contain the doubling algorithm and which appears to have been a standard
textbook
in numerical analysis. Thus, it appears that Lanczos
indepcndcntly discovered the clever doubling algorithm and used
it to solve the problems of computational economy and error
control. He says, in the introduction to [9] on page 366, “We
shall show that, by a certain transformation process, it is possible
to double the number of ordinates with only slightly more than
double the labor.” He goes on to say:

crencc
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After learning of the above early papers, I wrote what I thought
to be the very early history of the FFT algorithm [ 121 going back
to Runge and Konig. Some years later, while working on his
book, [ 161 Herman Goldstine told me of a paper by Gauss [ 171
that contained the FFT algorithm. I got a copy of the paper,
which was in a neo-classic Latin that I could not read. The formulas and a slight recognition of parts of words indicated he was
doing a kind of Lagrangian interpolation that leads to the basic
FFT algorithm. I put this aside as a very interesting postretirement activity.

In the technique of numerical analysis the following
improvements suggested by Lanczos were used: (1) a
simple matrix scheme for any even number of ordinates
can be used in place of available standard forms; (2) a
transposition of odd ordinates into even ordinates reduces an analysis for 2n coefficients to two analyses for
n coefficients; (3) by using intermediate ordinates it is
possible to estimate, before calculating any coefficients, the probable accuracy of the analysis; (4) any
intermediate value of the Fourier integral can be determined from the calculated coefficients by interpolation. The first two improvements reduce the time
spent in calculation and the probability of making errors, the third tests the accuracy of the analysis, and the
fourth improvement allows the transform curve to be
constructed with arbitrary exactness. Adopting these
improvements the approximation times for Fourier analyses are: 10 minutes for 8 coefficients, 25 minutes for
16 coefficients, 60 minutes for 32 coefficients, and 140
minutes for 64 coefficients.

A few years later, some old signal processing friends, Don
Johnson and Sidney Burrus at Rice University, told me that they
put a very bright energetic graduate student, Michael Heideman
on the trail of Gauss and the FFT. He not only translated the
Gauss article but found and described many others who wrote
of FFT methods, between Gauss and my early references. [IS].

Conclusion
This story of the FFT can be used to help one appreciate the
important functions of professional societies such as the ACM
and SIAM. Some recommendations one can make are:

The matrix scheme in (1) reduces the data to even and odd
components so that real cosine and sine transforms are computed. The rest of the process makes use of the symmetries of
the sines and cosines, similar to the methods of Runge. After
this, he uses the doubling algorithm. Step (2) is what we have
been calling the twiddle factor multiplication and in Step (3) he
does the butterfly calculation but observes accuracy by comparing the two inputs: the Fourier coefficients of the sub-series.
Thus, it appears that Lanczos had the FFT algorithm and if he
had an electronic computer, he would have been ready to write
a program permitting him to go to arbitrarily high N. It may seem
strange to us, then, to see his remark on Page 376, “If desired,
this reduction process can be applied twice or three times.”

a

It is obvious that prompt recognition and publication of
significant achievements is an important goal.

l

Careful attention to a review of old literature may offer
some rewards. Furthermore, awards for outstanding
achievements should lead to a review of the old literature.

0

Communication between mathematicians, numerical analysts, and workers in a very wide range of applications can
be very fruitful.

0

Do not publish papers in neo-classic Latin.
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